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HASSE PRINCIPLES FOR MULTINORM EQUATIONS 


E. BAYER-FLUCKIGER, T.-Y. LEE, AND R. PARIMALA 


Abstract. Let fc be a global field and let Lo,...,Lm be finite separable field 
extensions of k. In this paper, we are interested in the Basse principle for 

m 

the multinorm equation Y[^Li/k(ti) = c. Under the assumption that Lq 

i—0 

is a cyclic extension, we give an explicit description of the Brauer-Manin 
obstruction to the Basse principle. We also give a complete criterion for the 
Basse principle for multinorm equations to hold when Lq is a meta-cyclic 
extension. 
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0. Introduction 


Let A; be a global field, and L be a finite separable extension of k. We say 
that the Hasse norm principle holds for L if the local-global principle holds 
for the following equation; 

(0.1) Ni/kit) = c 

for all c G the terminology is based on Basse’s famous result f |Ha31] . |Ha32] 
§I (3.11) and §II (15)) that this norm principle holds in the case of cyclic 
extensions. Since Basse’s result, the norm principle attracted a lot of attention 
: it is known not to hold in general, and many positive results were also 
proved, see for instance [PIR] p- 308-309 for details. For more recent results 
on the failure of the Basse norm principle, see |BN16] . |FLN| and the references 
therein. 

It is natural to ask for Basse principles in the case when L is a finite 
dimensional commutative etale algebra, and not just a field extension. More 

m 

precisely, let Lq, • • •, Lm be finite separable field extensions of k and L=Y[U. 

i=0 

We are interested in the Basse principle for the following equation; 

m 

(0.2) Ni/kit) = = C, 

i=0 

where c ^ k^. This equation is the so-called multinorm equation for the Lj’s. 

This more general problem also received a lot of attention, in particular 
from Burlimann f |Bu84] L Colliot-Thelene and Sansuc (unpublished), Platonov 
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and Rapinchuk (see |P1R 94] . sections 6.3. and 9.3), Prasad and Rapinchnk 
r |PRTn] . Section 4). In |Hu84] . Hurliniann considers the case where m = 1, 
Lq is a cyclic extension and Li is Galois disjoint from Lq. He proves that the 
Hasse principle holds in this case. Recently, Pollio and Rapinchnk ( |PoR13| ). 
Demarche and Wei ( |DW14] ) also establish the Hasse principle nnder some 
Galois disjointness assnmptions on Lj’s. Note that mnltinorm eqnations also 
arise in dealing with classical gronps of type An (see for instance |PR10] Prop. 
4.2). 

In this paper, we approach this mnltinorm problem from the point of view 
of torsors and the Brauer-Manin obstrnction. Let be a separable closnre of 
/c, and set Pfc = Gal{k^/k). The fc-afhne variety defined by the multinorm 
equation fl0.2p is a principal homogeneous space under the torus Tq, where Tq 
is dehned by the following exact sequence: 

m 

m Yl^L^/k 

(0.3) 1 - Tq -nRLi/A:(Gm) —-1 • 

i=0 

Since W is a principal homogeneous space under Tq, for x G X^k^) and 
(J G Pfe, we have = x.s^ for some G T^ik^). The map s : Pfc —)■ T^ik^) 
sending a to dehnes a 1-cocycle and the class [s] G H^(/c,To) only de¬ 
pends on the isomorphism class of the principal homogeneous spaceXc. Let 
us denote this class by ^^(W) ^ H^(A:,To). Furthermore, if has a fc^-point 
for all n, then r](Xc) G HI^(A;,To) ~ LH^(A:,To)* is the Brauer-Manin ob¬ 
struction to the local-global principle for the existence of fc-points of Xc (see 
|San81] 8.1, 8.2, 8.4). It is known that the Brauer-Manin obstruction is the 
only obstruction to the Hasse principle for X^ (see |San81| 8.7). In fact, the 
Galois disjointness assumption in |Hu84] . |PoR13] and |DW14] implies that 
LH^(fc,To) ~ LH^(/c,To)* = 0 in their cases. Hence the Brauer-Manin obstruc¬ 
tion is trivial and the Hasse principle always holds under their assumptions 
(see |Hu84] Prop. 3.3, |PoR13] Main Thm. and Prop. 15, |DW14] Thm. 1 
and Gor. 8.). 

In this paper, we are mainly interested in the case where Lq is a cyclic 
extension without any further assumption on m and other Lj’s. Gontrary 
to the cases considered in |Hu84] . |PoR13| and |DW14) . the Tate-Shafarevich 
group LH^(/c,To) is not always trivial in our case, which means that the Hasse 
principle may fail for some X^. Hence to hnd a necessary and sufficient 
condition for the Hasse principle for X^ to hold, we have to write down 
concretely the Brauer-Manin obstruction, which is hard in general. In Section 
3, we give a concrete description of the group HI^(fc,To). In Section 4, for a 
given Xc which has local points everywhere, we dehne a map 

a : Ul\k,fo) Q/Z, 

which is called the Brauer-Manin map for Xc. We prove that Xc has a global 
point if and only if the map a = 0. Since the Brauer-Manin obstruction is the 
only obstruction to the Hasse principle for Xc, the Brauer-Manin map dehned 
in Section 4 gives an explicit description of the Brauer-Manin obstruction in 
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this case. Section 6 contains some examples and the aim of Section 7 is to give 
an application of the results of the paper. 


1. Notation and definitions 

Let fc be a global field, and let Qj. he the set of all places of k. For a torus 
T, we denote by T its character group. Let be a separable closure of k. For 
a finite separable extension K of k, we let F^ = Gal(fc®/iF), and for a iF-torus 
T, let HK/kiT) be the induced torus where ^K/k stands for the Weil restriction 
from K to k. For any discrete Tk module M, set \K/k{M) = Indp^(M). Note 
that Ix/kif) is the character group of the fc-torus Rx/fc(7"). Let ^K/k he the 
character group of the norm one torus 

Let Lq; be finite separable extensions of k for i = For 

an etale algebra M over k and a place v of k, we denote by M'" the algebra 
M (gjfc 

Let Ei be the etale algebra Lq Li where we regard Lq, Li as subfields 

m m 

of for i = Let E = Y\Ei and L = Y[L,. We can view E as an 

1=1 i=l 

m 

Lo^algebra, and let Ne/Lq = H-^Ai/Lo be the norm map. 

i=l 

Let To be the torus defined in flO.Sp . Let us define a torus Ti by the following 
exact sequence: 



The torus Ti plays an important role in the computation of the Tate-Shafarevich 
group m^(A:,fo). 


2. The relation between ILl^(A:,To) and lII^(A;,Ti) 

In this section, we clarify the relation between III^(fc,To) and ILt^(A:,Ti). 
At the end of this section, we show that the Hasse principle for the multinorm 
equation holds when Lq is cyclic and m = 1 by computing the group ILt^(A;, Ti). 

Lemma 2.1. For any finite separable field extension Lq, we have III^(A;,To) ~ 


Proof. Let us define the map 

m 

71 : RE/fc(Gm) ]^RLi/A:(Gm) 
i=0 
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by setting 7r(a;) = {Ne/Lo{x) ^ (xi),where a; = (a;i,...,x 

m 

Y\Ei. The map vr sends IiE/k{^m){k^) onto To(fc^). Combining the exact se- 

i=l 

quences flO.Sp and fll.ip . we get the following exact sequence 

(2.1) 1 —>■ Ti —>■ RE/fc(Gm) —t To —^ 1 • 

The above sequence induces the following exact sequence: 

(2.2) 0 ^ R\k,To) ^ }l\k,T,) ^ }l\k,RE/k{Gm)) ^ ... 

By the Brauer-Hasse-Noether Theorem, we have III^(fc, RE/fc(Gm)) = 0. 
Therefore, we have 

m\k,To)-m\k,Ti). 

This completes the proof of the lemma. 

Next we compute the group III^(/c, ^Lo/k) for a cyclic extension Lq. 

Lemma 2.2. Let Lq be a cyclic extension of degree q. Then we have H^{k,SLo/k) 
'Ljq'L and III^(fc, = 0. 

Proof. Consider the exact sequence 

(2.3) 1 —)■ Gm —^ RLo/fc(*^m) ^5 

where the map from RLQ/k{Gm) to R^^j^^(Gm) sends x to x/(j{x). We take its 
dual sequence 

(2.4) 0 — ^Lo/k lLo/fc(^) —>■ Z —)■ 0. 

This exact sequence induces: 

(2.5) lLo/fc(Z)r ^ Z-. R^k, SL,/k) -> ii\k, lL,/km = 0 . 

Since Lq is a held of degree q, we have Ro/fc(Z)^ ~ Z and the map deg is the 
multiplication by q. Therefore we have H^{k, Si^/k) — 'L/q'L. 

The exact sequence fl2.4p induces 

(2.6) 0 = Hi(fc,Z) ^ R\k,^L,/k) ^ H2(fc,R„/fc(Z)) ^ .... 

By Poitou-Tate duality, ITl^(fc, Ro/fc(Z)) ~ III^(/c, R 2 ,o/fc(Gm))*. By Hilbert’s 
Theorem 90, we have H^(fc, RLQ/fc(Gm)) = 0, so we have ]II^(fc, R(,/fc(Z)) = 0, 
and hence ]II^(/c, ^Lo/k) = 0. 

Using the above lemmas, we can generalize a result of Htirlimann ( |Hu84] 
Prop. 3.3). 

Proposition 2.3. Let Lq he a cyclic extension of k and Li be a finite separable 
extension of k. Let a E k^. Then the local-global principle holds for the 
multinorm equation NL^ik[xQ)NE^ik[xi) = a. 
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Proof. By Lemma l2.ll we have III^(/c,To) ~ III^(/c,Ti). Combining with 
Poitou-Tate duality which says ~ Ti)*, it suffices to prove 

that = 0. 

Since Lq is a cyclic extension, the algebra Ei = Lq 0^ Li is isomorphic to 
a product of copies of Mi, where Mi is some cyclic held extension of Li. Let 
q = [Lq ■. k] and s = [Mi : Li], Then s divides q. Consider the dual sequence 
of fll.ip when m = 1: 

(2.7) 0 -!■ Sio/k —t iLi/ki^Ei/Li) Ti - > 0 , 

and the sequence induced by fl2.7p 

( 2 . 8 ) }l\k,SL,/k) ^ii\k,h,/k$E,/L,)) ^'ii\k,f,) ^ll\k,SLo/k). 

By Lemma [2.21 we have ILl^(fc, § 1 ,^/^) = 0. Hence it is enough to show that 
is surjective. Let n = q/s and consider the isomorphism 

REi/Li(Gm) — (Rmi/Li (Gm))” —t (RMi/Lii^m))^ 
which sends (6i,...,6„) to (6i,..., 6„_i, 6i...6„_i6„). It induces an isomor¬ 
phism from to (Rmi/Li (G^))””^ x (G^). Hence we have 

E\k,h,/k$E,/L,)) = li\L,,SE,/L,) = H1(Li,Smi/lJ ^ Z/sZ. The map q 
is the natural projection from 'L/q'L —)■ 'L/s'L. Therefore is surjective. The 
proposition then follows. 

3. The group LH^(/c,To) 

The aim of this section is to use the ramihcation pattern of Lq to describe the 
group LH^(/c,To). Such a description will be used later to dehne the Brauer- 
Manin obstruction for multinorm equations. Throughout this section, Lq is 
assumed to be a cyclic extension. We start with the case where Lq is a cyclic 
extension of prime degree to illustrate the idea. 

3.1. The prime degree case 

Suppose that Lq is a cyclic extension of degree p, where p is a prime. Since Lq 
is a cyclic extension of prime degree, the algebra Ei is either a cyclic extension 
of Li of degree p or isomorphic to a product of p copies of Lj. Without loss 
of generality, we assume that Ei is a held extension for i = l,...,mi and 
— ^ = mi -|- 1,..., m. 

Let X = {1, ...,m} and X' = {1, ...,mi}. For i G X, let Sj be the set of all 
places V of k where E^ is isomorphic to a product of copies of Xj'. Note that 
Si = fife if i G X \ r. 

Given a = (ui,..., Umi) G (Z/pZ)™i and n G Z/pZ, we dehne /n(a) to be the 
set {i G X'l Oj = n}. Let /(a) = (Jo(a), .../p_i(a)). Note that /o(a),..., /p_i(a) 
form a partition of X'. It is easy to see that the map I gives a bijection between 
(Z/pZ)”^i and the set 

{(Jo, .../p_i)| Iq, ...Ip-i form a partition of X'.}. 
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Given a subset J ^ we let 

WU) = n Si = n Si. 

jex'\j i^j 

We set W{X') = Vt^. 

Let S be the set 

S'= {(ai, e (Z/pZ)”"i| U W(4(a)) = Gfc}- 

n&lpZ 

Let D be the subgroup of {'Ll'pL)'^^ generated by (1,1). Note that DCS. 
We dehne an equivalence relation on S by 

a^b if a — BeD. 

We denote by lII(Lo, E) the set of equivalence classes of S. 

As mentioned above, the map I gives a bijection between and the 

set {(Jo, Jo, ...Ip-i form a partition of X'}. Hence, the componentwise 

addition on gives a group law on the set of partitions as follows: 

(Jq, ..., Ip—i) + (Lq, ..., Ip_i) = (t/o, ..., Jp—i), 

where Ji = IJ (1/ n J^). Let P be the image I{S). Then P consists of 

(l,n)£{ZlpZp 

l-\-n=i 

partitions (Jq, ...,/p_i) such that U W{In) = Gfc. The equivalence relation 

nGZ/pZ 

on S dehnes an equivalence relation on P by (Jq, ...,/p_i) ~ (Jq, ..., Jp_i) if 
there exists some n G Z/pZ such that Jj = Ji_|_„ for all i. 

Lemma 3.1. The set in(Xo,-E') cl subgroup o/(Z/pZ)™!//!. 

Proof. As H is a subgroup of (Z/pZ)™!, it is enough to prove that P and 
hence S' is a group. Let (Jq, ...,/p_i) and (Jg,be elements in P. Let 
(Jq, ..., Jp-i) be their sum. For all v G flk, there exist n, n' G 'L/p'L such that 
V G W{In) and v G W{P^,). We claim that v G W{Jn+ni)- If Jn+n' = X', 
then V G W{Jn+n') by dehnition. Suppose that Jn+n' 7^ X'. Then for each 
i ^ Jn+n', we have i ^ fl J^,. By the dehnition of W{In) and hF(J^,), for 
all i ^ In C) we have that v G Sj. Hence v G W{Jn+n')- This proves that 
U W(Jn) = D.k. Therefore P is a group. 

Proposition 3.2. Suppose that Lq is a cyclic extension of prime degree p. 
Then Ul^{k,fo) ~ LH(Xo,P). 

Proof. By Poitou-Tate duality we have LH^(fc, Ti) ~ HI^(A:, Ti)* and LH^(fc, Tg) 
LH^(fc,Tg)*. By Lemma [2.11 to prove Proposition 3.2, it is equivalent to prove 
that HI^(fc,fi) ~ LH(Xg,P). 

Consider the dual sequence of fll.lD : 

(3.1) 0 -Sig/fc -E © fli/ki^Ei/Li) Ti -0 , 

j=i 

and the exact sequence induced by f|3.1l) . 

(3.2) Tf\k,^L,/k) A ©Hi(fc,I^,/fc(S£;,/iJ) AHHfc,fi) ->H2(A:,Sio/fc). 

i=l 
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To compute H^(A;,Ti), we first compute R^{k,SLo/k) and R^{k,lLi/k{^Ei/Li)) 
in the above sequence. By Lemma [T2l we have S^Q/fc) — Z/pZ. Similarly, 
for i = 1, rui, Ei is a cyclic field extension of Lj so we have 

Since Ei ~ ]\Li for i = rrii + we have H^(fc, Ix,,/fc(S£;,/L,)) = 

^Ei/Li) = 0 for i = mi + 1, ...,m. 

mi 

From now on, we identify H^(fc, Sl^/a,) to Z/pZ and ®Yv{k,\L^/k{^Ei/Li)) 

2 = 1 

to (Z/pZ)™i. The map F : }l^{k,SLo/k) ^ Ii,/fc(S£;,/L,)) maps Z/pZ 

2 = 1 

diagonally into (Z/pZ)™L Therefore, we can rewrite fl3.2p as 

(3.3) 0 ^ (Z/pZ)™V((l, 1)) ^ HHfc, Ti) ^ R^k, SL,/k).... 

On the other hand, we have S^q/a;) = 0 by Lemma 12.21 Therefore 

III^(/c,Ti) is in the image of p^. 

mi 

For a = (ai,..., a^) e (Z/pZ)'"! = © R\k, lLi/k{^Ei/Li)), let [a] be its image 

2=1 

in (Z/pZ)™i/Zi). We claim that p^([a]) G ILl^(A;,Ti) if and only if a G S'. 

mi 

We denote by a'" the image of a in © Iii/A;„(SE!'/L“)), and by the 

i=l “ * * 

image of D in this sum. 

By the exact sequence (13.31) . we have p^([a]) G ]II^(fc,Ti) if and only if the 
localization a’' belongs the localization Dy for all places v. Therefore, it suffices 
to prove that a G S' if and only if G Dy. 

Suppose that a G S'. For an arbitrary place v, there is n G Z/pZ such 
that V G W{In{a)), which means that E^ — Y\E" for all i ^ Since 

H^(fc^,Ii,-/A,„(S£;-/L-)) = 0 for all i ^ /„(a), we have a" = (n, ...n)„. 

Suppose that belongs the localization Dy for all v & Qk and a ^ S. By the 
definition of S', we have a ^ D and there is a place v G r2A:\ U hF(/„(a)). 

nGlj/p'L 

Since a'" G Dy, there is n' G Z/pZ such that D’ = {n', ...,n')y. As v ^ 
W{In>{a)), there is i ^ Ln'(a) such that n ^ Sj and hence the localization 
of Tth coordinate of a is not equal to the localization of i-th coordinate of 
{n',...,n'), which is a contradiction. Our claim then follows. Therefore, we 
have Ul\k,fi) ~ m(Lo,^)- 

3.2. The prime power degree case 

Suppose that Lq is a cyclic extension of degree p®, where p is a prime. Since 
Lq is cyclic, the algebra Ei is isomorphic to a product of cyclic field extension 
Mi of Li, and the degree of Mi is p'^* for some 0 < dj < e. In the prime degree 
case, namely e = 1, the algebra Ei is either isomorphic to a product of copies 
of Li or is a cyclic extension of Lj of degree p. However, for e > 2 things 
become more complicated. 
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We start with some notation and definitions. For each 1 < i < m we let Mj 
be a cyclic extension of Li such that Ei is isomorphic to a product of copies of 
Mj. Let = [Mj : Lj]. Without loss of generality, we assume that dj > dj+i 
for 1 < i < m — 1. 

Let s and t be positive integers. For s > t , we let be the canonical 
projection from 'L/p^'L to 'Ljp^'L. For x G 'L/p’^'L and y G 'L/p^'L, we say that 
X dominates y if s >t and 7rs,t{x) = y and denote it by a; ^ y. For x G 'L/p’^'L 
and y G 'L/p^'L, the splitting distance of x and y is the maximum nonnegative 
integer d < min{s,t} such that Tis,d{,x) = 7it,d{y) and we denote it by S{x,y). 
Clearly, we have S{x, y) = min{s, t} if and only if x ^ y or y ^ x. 

Let X = {!,...,m}. For a = (ai,...,am) G ©Z/p'^®Z and n G Z/p^^Z, let 

i=l 

In{a) be the set {i G X| n ^ Oj} and let /(a) = {Io{a ),..., Ipdi_i{a)). Note that 
IJ /n(n) = X but I(a) is not a partition of X. For example, if dj = 0, then 

i G /n(n) for all n G Z/p^^^Z. However if e = 1, i.e. Xq is of prime degree, then 
I{a) nX' is the partition of X' defined in Section 3.1, where X' = {i| di = 1}. 
Let 

8 = {(/q, ..., /pdi_i)| In is a subset of X such that Ln = H}- 

0<n<p‘il-l 

Let d = (di,...., dm)- Now we characterize the image of the map 

/ : ®ZIp‘^^Z 8. 

i=l 

An element (Jq, G X is said to be coherent with respect to d if for 

all ni, n 2 G Z/p'^^Z we have: 

(1) If f G 4i n 42, then 7rdi,d^{ni) = 7^d^,d^{n2). 

(2) If i G Jni and nd^,di{ni) = ndi,di{n 2 ), then f G Jnj. 

Let be the subset of all coherent (relative to d) elements in X. For 

m 

a G ®'LIp‘^^'L^ it is clear that I {a) is a coherent element. Conversely for a 

i=l 

coherent element (Jq, ..., Ipdx_i) G X*^, we set Oj = 7idi,di{n) for i G In- Note that 
the condition (1) of the definition of a coherent element ensures that the Oj’s are 

m 

well-defined. Hence a = (oi,..., Om) is a well-defined element in © Z/p“®Z. The 

i=l 

condition (2) ensures that the a defined above satisfies I{a) = (Jq, ..., 

m 

This shows that / is a bijection between and 8^. 

%=\ 

For a place v G Llk, we denote by tc|n a place w of Xj above v. For a place 
V E Llk, let Xj" denote the field extension of 4 such that Li = Li® ky = n^r- 

w\v 

Given a positive integer 0 < d < e and 1 < i < m, let Ef be the set of all 
places V E flk such that at each place w of Xj above n, Xj" 0 Xq is isomorphic 
to a product of isomorphic fields of degree at most p"* over Xj". Let Sj = Sj*, 
which is the set of all places where E)) is isomorphic to a product of copies of 

LI 
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Let {Iq, Ipdi_i) ^ For it-i G Z/p'^^Z and i E I, let 6{ni,i) = 
S{ni,7rdi,di{n2)), where n 2 is an element in 'L/p^^'L such that i G In 2 - Note 
that since (Jq, is coherent (relative to d), 5(ni,i) is independent of 

the choice of n 2 and hence well-defined. Note that if we let a = (ai, am) be 

m , 

the element in ®'l>lp^^'L constructed from (Jq, then 5{ni,i) is just 

1=1 

5{ni,ai). For ^ X, define 

(3.4) W{In) = n 

i<^In 

For In = X, we set W{In) = ^k- 
Set 

^ = {(ai,...,a^) G ©Z//*Z| M W{In{a)) = ^k]. 

2=1 

neZ/p'^lZ 

m , 

Let D be the subgroup of ©Z/p“*Z generated by the diagonal element 

2=1 

(!,...,!). Then D is contained in S. We define an equivalence relation on 
S by Qi b if and only if a — 6 G D and denote by lII(Xo, E) the set of equiva- 

m 

lence classes of S. The set ILl(Xo, E) is a subgroup of {(B'E/p^^'L) / D] this can 

2=1 

be checked in a way similar to Lemma 3.1. 

Theorem 3.3. The groups ]II^(A;,To) andILL{Lo,E) are isomorphic. 

Proof. By Lemma 12.11 and Poitou-Tate duality, it is equivalent to prove that 

mi(fc,fi)~m(Xo,^). 

Consider the dual sequence of (II.ip : 

(3.5) 0 ->■ Sig/fc —)■ © iLi/ki^Ei/Li) Ti ->■ 0 . 

i=l 

and the exact sequence induced by fl3.5|) 

(3.6) }i\k,SL,/k) A ®}l\k,lL^/k{SE,/Lj) ^B.\k,SL,/k) . 

i=l 

Since ]II^(/c, S^g/fc) = 0, the group ILl^(fc,Ti) is in the image of ph 

Let tii = p'-*. As RS^y,(G„) (RM./i.(G„.))”'-' x Ri‘Pi,(G„), by 

Lemma [2.21 we have 

H'(«:,Ii./t(SE./i.)) ~ ~ ~ Z/p'-Z. 

In the following we identify H^(/c, Sig/fc) to Z/p^Z and }l^{k,lLi/k{SEi/Li)) to 
Z/p'^'Z for 1 < i < m. Under this identification, the map 

: H^(/c, Sig/fc) (Bli^{k,lL./k{SEi/Li)) 

2=1 
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sends 'L/p^'L to © (Z/j9'^*Z) by the natural projections. Therefore we can 
2=1 

rephrase the exact sequence fl3.6p as follows: 

,1m 1 

(3.7) Z/p"Z ^ ®'LIp'^^'L ^ B\k,T^), 

2=1 


where the natural projection from 'Ljp^'L to Z/p'^*Z for each i. Note that 
the image of is the subgroup D. 

m m 

Let a = (ai,...,am) € ®Z/p“‘Z and [a] be its image in (© Z/p“‘Z)/Zi). We 

2=1 2=1 

claim that p^([a]) G if and only if a G S'. 

m 

We denote by a'^ the image of a in ®n{K,lLv/k^{SE^/L^)), and by the 

i=l * * * 

image of D in this sum. 

By the exact sequence fl3.7p . p^([a]) G lII^(fc,Ti) if and only if the localiza¬ 
tion belongs the localization for all places v. Therefore, it suffices to 
prove that a G S if and only if d^ & D^. 


Suppose that a & S. For an arbitrary place v, there is n G Z/p'^^Z such 
that V G W{In{a)). If /„(«) = X, then clearly a E D S. Suppose that 
In (a) 7^ X. This implies that for each i ^ /^(a) and each place w of Lj above 
V, Lf © Lq is isomorphic to a product of fields of degree at most S{n,i). Let 
di = 6{n,i) = S{n,ai). Then we have 




w\v 


w\v 


where < dj, and the localization map from H^(Li, SEi/nJ to ^ev/lv) 

is the canonical projection Tidi,di^ from 'L/p^^'L to each component Z/p‘^*’’"Z. 
Since for all i ^ In (a), < 6i and 'Kdi,6i{d) = we have d" = 

(n, ...,n)^. 

Suppose conversely that ad G for all v E flk and a ^ S. By the 
definition of S, a ^ D and there is a place v G flk\ U hF(/„(a)). Since 

nd'L/p'^^'L 

ad G X)„, there is n' E 'L/p^'L such that a'" = (i^(?7,')).y. Let n = ne,dj^{n'). 
As V ^ W{In{a)), there is i ^ 7n(a) and a place w of Xj above v such that 
L'^ © Lq is isomorphic to fields of degree > d*. Then by the definition 
of 5i = 6{n,ai), Tidi^i^id) 7^ Hence the localization aj' of the 

Xth coordinate of a is not equal to the localization of the Xth coordinate of 
[n, which is a contradiction. Our claim then follows. Therefore, we have 

mi(fc,fi)~m(Lo,s). 


3.3. The general case 

In this section, we consider the case where the field Lq is a cyclic extension 

S 

of degree q = Hx/; where the p/s are distinct primes. As we will see, the 
i=i 

group lII^(fc,To) is in fact isomorphic to the product of in^(fc,Toj)’s where 
the Tqj^s are defined by the prime power degree subfields of Lq. 
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We first fix some notation. Let qj = and L^ j be the snbfield of Lq of 

m 

degree qj. Let Ej^i be the etale algebra and Fj = Since Lq is a 

i=l 

cyclic extension, there is some cyclic extension of Lj such that Ei = Lq®L i 
is isomorphic to the product of n* copies of Mi and q = nj[Mj : Lj]. Let 
di = [Mi : Li]. Clearly Ej^i is a held if and only if qj\di. Dehne Tqj as in flO.dp 
by replacing Lq by Lqj. Namely, 


(3.8) 1 


771 ^LQj/k'Yl^L^/k 

To,j -^ X -^ 


i=l 


Let Tij’s be the tori as dehned in fll.ll) . Namely 
(3.9) l^Tij 


m 

nRi.A(R: 

i=l 






Loj/k^ 


1 . 


Let ej : —)■ be the natural inclusion. Then ej induces an 

inclusion 

m 771 

(Gm)) ]^RLi/fc(RE./L.(*Rm)), 

i=l i=l 

which is still denoted by e^. Since the norm map Np./L^. and Ne/Lq cire 

771 

both induced from the norm map n ^Li/k, we have Ne/Lq ° C “ C ° 

i=l 

Therefore the inclusion ej maps Tij to Ti and it induces a map ej : H^{k, Ti) —)■ 

H^{k,Tij). Let C ; III^(/c,Ti) -7 ©III^(fc,Tij) be the map dehned as e^(a) = 

j 

(ej(a),..., eg(a)). In fact, the map C is an isomorphism between the Shafarevich 
groups. 


Proposition 3.4. The map E : III (/c,Ti) —>■ ©III (fc,Tij) is an isomor- 

i=i 

phism. As a consequence, we have III (fc,To) ~ © III (/c,Toj). 

j=i 


Proof. Consider the commutative diagram which conies from cohomology 
exact sequences associated to the dual sequences of (11.Ih and (13.Qh : 

(3.10) 


i=i 


@H‘(*:,lL.A(Ss/i.)) 

i=l 




, 1 s m _, _ ,s 


> © © R^{k,lL,/k{SE,,/L,))^ ©Hl(fc,T,-0 

j=l 1=1 ’ j=l 


^ ... 


■1... 


As Ul\k,SL,/k) = 0 (resp. m2(fc,SL„ j/k) = 0) for the cyclic extension Lq 
(resp. Lqj), we know that III^(fc,Ti) (resp. III^(/c, Tij)) is in the image of p^. 

For 1 < j < s, let Mj^i be a cyclic extension of Li such that Ej^i is isomorphic 
to a product of copies of Mj^i. Let dj^i be the degree of Mj^i over Li. Note 
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that dj/s are powers of pj. As Ej^i is a subalgebra of Ei, we have that Mj^i 
is isomorphic to a subfield of Mj and hence dj^i\di. Moreover di/dj^i are prime 
to dj^i since Lqj is the maximal subheld of Lq of pj-power degree over k. 

S 

Therefore, we have di = 

i=i 

As is isomorphic to x we have 


H‘(*;,lL,/r(S£,/i,)) ~ H'(Li,SM,/L,) ^ Z/riiZ, 


Similarly, we have 

As di = f\dj^i we have Hi(/c, ~ © Hi(/c, lL,/fc(Si?._,/Lj). 

i=i ^=1 

On the other hand, the morphism 


;1 


Vn ^ 7Tl 772 /V 

(■: eH'(fc,Ie,,t(SE,/i.))~ ©ZMZ^ ©Ii,/r(SE„,/i,)) 

2 = 1 2=1 2=1 


m 

~ ®Z/dj^iZ. 


is the canonical projection 'LjdiL —)■ 'Ljdj^iL on each component. 

S 

Since for each i, we have di = Y[^j,i with dj/s coprime with each other, the 

i=i 

morphism 


© e] : 
i=i 


m 

© 

2=1 


_ /s. O fit _ XV 

j=l t=l 


is an isomorphism. 
Similarly, 


© e] : B.^{k, Sig/k) - -t © H^(A;, Sl^ ./fc) - © 

j=i j=i ’ j=i 

is also an isomorphism. 

s 

Since the localization map commutes with © eh by diagram chasing we see 

i=i ■' 

that e^ ; lII^(/c,Ti) © III^(fc,Tij) is an isomorphism. 

i=i 

Inspired by Proposition 13.4[ we dehne III(Lo,-£') as 


m(Lo,^)= ©m(Lo,i,i",). 

i=i 


4. The Brauer-Manin map 

Assume in this section that Lq is a cyclic extension of degree q. Fix a 
generator a of Gal(Lo/fc)- Given c G k^, dehne the cyclic algebra {Lq,c) as 
the fc-algebra 


(Lo, c) = {5, Cl C = c, ^C = Co'(^) for all S e Lq}. 
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(See for instance |GS| 2.5.2.) 

Let X • Gal(Lo//c) —)■ 'LjqL be the group isomorphism which sends a to 1 
and let x : Ga\.{k^/k) —)■ Z/gZ be the lifting of x- Let be the coboundary 
map H^(fc,Z/gZ) —H^(/c,Z) coming from the exact sequence 

0 ^ Z ^ Z ^ Z/gZ ^ 0. 

Then another equivalent way to define (Lq, c) is to define it as the cup product 
(5(x) Uc G Y{^{k^kf) = Br(fc) f |GS] Prop. 4.7.3). Let v E Qk and {k^Y 
be a separable closure of k^. Fix an embedding /c® —)■ (/c„)^. Then we get 
a group homomorphism : Gal{{kY^/ky) Gal{k^/k). Let x|fc„ = X ° G- 
For c G k^ , we define (Lq,c) = 5(x|fc„) U c G Br^ky). In the following, we 
use invariants of the cyclic algebras split by Lq and the Shafarevich groups 
III^(/c,To) calculated in the previous section to define the Brauer-Manin map 
a. We prove that a = 0 if and only if the Basse principle for multinorm 
equations hold. 

The first observation is the following; 

Lemma 4.1. Suppose that Ei is isomorphic to a product of copies of field Mi 
and [Mi : Li] = di. Then for any Xi G Lf, the cyclic algebra {Lq, N^./ki^Xi)) is 
of order r\di. In particular, if di = 1, then for any Xi E k^, the cyclic algebra 
{Lo,NLi/k{xi)) splits. 

Proof. Given Xi E Lf , consider the cyclic algebra {Mi,Xi) = ^(xUi) U (tj), 
where xlu is the restriction of x to Gal(fcs/Lj). Let r' be the order of (Mj, xf) 
in Br(Lj). Since Mi is of degree di over Lj, we have r'\di. 

Gonsider the corestriction map from Br(Lj) to Br(A;). By the projection 
formula f |GS| Prop. 3.4.10), the corestriction of {Mi,Xi) is {Lq, NL./k{xi)). 
Since r|r' and r'\di, we have r\di. 

Let c E k^ and Xc be the variety defined by the equation 

m 

WNL^/kiti) = c. 

j=0 

Suppose that Xc has a point at each place v E Llk- Let x = (t)’) G n MQ- 

m 

In other words for each v E Vtk, have x'" = (xq, ..., xjj^) G such 

i=0 

m 

that Yl^L^/kvi^i) = c. Set yi = N^vii^fix'"). For a finite place n, let us 

i=0 

consider the invariant map inv : Br(/c^) —)■ Q/Z and set 6)' = inv((Lg, i/)')) G 
^Z/Z C Q/Z. For an infinite place n, let us consider 2 BT{ky) Iz/Z and 
set 6/ = inv((LQ, yj)) E |Z/Z. Note that if g is odd , then we have (Lq, y'") = 0 
in 2 Br(/c^). To keep the notation simple, we identify h" and {LQ,y^) via the 
isomorphism inv in the following. In fact, we can choose the local points (x/) 

m 

so that b'" = 0 for almost all v E Qk and b" satisfies ^ = 0 
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Lemma 4.2. Suppose that X^. has a k^-point for all v G klk- Then there exists 
a local point x = G ^c{kv) such that = 0 for almost all v E Tlk- 

Proof. For each v E flk such that (Lq, c)^ = 0, there is Xq G Lq such that 
(xq, 1,1) is a fc^-point of Xc and b'l = (Lq, 1) = 0 for 1 < i < m. Since 
(Lq, c)y = 0 for almost all places v E flk, for such a local point we have b'^ = 0 
for almost all v and 1 < i < m. 


m 

Lemma 4.3. The b^ defined in Lemma^f^ satisfies ^ ~ 0- 


Proof. To see this, we note that n Vi = c, so 

i=0 

m m 

YH = YiK^Vi) = (^o,c/i/^) = {Lq,cY 

i=l i=l 

Since c G /c^, by the Brauer-Hasse-Noether Theorem, we have Y c)v = 0. 

m 

Hence we have Y Y^^ ~ The lemma then follows. 

vGQk'^=l 

Now suppose that Lq is a cyclic extension of degree q = p^, where p is a 
prime. Let x = (x^) G n Xc{ky) such that 6^ = 0 for almost all v E flk- 

Let Mi be a cyclic extension of Lj such that the algebra Ei is isomorphic to 
a product of copies of Mi, and the degree of Mi is for some 0 < d* < e. 
Without loss of generality, we assume that (di,..., dm) is a decreasing sequence. 
Define the map 

Oix '■ m(Lo, E) -E Q/Z 

^ m 

by ax{ai, ...,am) = Y Y^M-: where (ai,...,am) E S <E Note that 

by Lemma ITTl we have 6^ G ^Z/Z. Hence is well-dehned. Moreover, by 
Lemma [4.31 the map ax is invariant over equivalence classes. Hence, the map 
ax is well-dehned. 

In the following, we show that ax is actually independent of the choice of 
the local points (x^). 

Proposition 4.4. The map ax '■ LH(Lo,L^) —)■ Q/Z is independent of the 
choice of the local point x. 

Proof. Let X = {!,...,m}. Let a E S and /(a) = {Iq, Ipdi_i). (For the 
notation, see section 3.2.) If a G D, then by Lemma [4.31 we have ax{a) = 0 
which is independent of x. In the following, we assume that a ^ D. 

By the dehnition of S, we have W (Jq) U ... U hF(/pdi_i) = flk- Given a place 
V G flk, there is some n{v) G Z/p'^^Z such that v E W{In{v))- Let d* be the 
splitting distance 6{n{v), Oj) and let L" = Y\Lf, where Lf are held extensions 

w\v 

of ky. Then for any i ^ In{v), Ei is isomorphic to a products of held extensions 
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of of degree at most By Lemma l4.ll we have h" G ^Z/Z. By the 
definition of 5,, we have = 'ndi,SiiP'{y)). Hence for i ^ In(v)) we have 

aM = Trd^,sM)bi = TTd^Ai^i^Wi = n{v)h1. 

As a consequence, for all n G fffc, we have 

= niv)Y,b^i = n{v){Lo,c)y, 

i£X i£X 

which is again independent of the x^^s. Therefore, the map a is independent 
of the choice of local points, and the proposition is proved. 

Since : ]II(Lo,i?) —)■ Q/Z is independent of the choice of t = (x^), we 
henceforth use the notation a : in(Lo, E) —)■ Q/Z for this map and we call it 
the Brauer-Manin map for Xc- 

S 

Now suppose that Lq is a cyclic extension of arbitrary degree q = Up/, 

j=i 

where the p/s are distinct primes. Let qj = Pj\ We keep the notation 
introduced in Section 3.3. For c G we let Xcj be the Toj-torsor defined by 
the multinorm equation 

m 

NLoj/k{xo,j) ■ Yl^L./hiXi) = C. 
i=l 

Since x = (t/) is a /ct,-point of X^ (tq), ..., is a fc^-point 

of Xcj. Hence we can define the Brauer-Manin map for Xcj. Let aj be the 
Brauer-Manin map of Xcj. Recall that by Theorem 13. 3 1 we have HI^(fc, Tqj) ~ 
Ul^{k,Tij) ~ in.{Loj, Fj). The isomorphism 

: HI^(fc,fi) ^ ~ © m{Loj,Fj) 

i=i j=i 

S 

composed with henceforth gives the following map; 
i=i 

a ; HI^(fc,fi) ^ Q/Z. 

Since a/s are independent of the choice of local points x = (t/), the map a 
is also independent of the choice of local points. We call a the Brauer-Manin 
map for Xc. 

The main theorem is the following; 

Theorem 4.5. The To-principal homogeneous space Xc has a k-point if and 
only if Xc has a k.c-point at each place n G hlfc a is the zero map. 


The proof of the main theorem will occupy the next section. Before we go 
into the next section, we prove some lemmas which will be used later. 


Lemma 4.6. For each v G flk, let (tq, . 
bi = (To, Let 5/ G L/ and 6/ 


..^x'ff) be a ky-point of Xc and set 
= {Lo,NL-/ky{Xi)) fori = l,...,m. 


m Tn ^ 

U J/b^ = Jfb'", then there exists Xq G Lq such that (xg,..., is also a 

i=l i=l 

ky-point of Xc. 
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Proof. Let = Nii/kAx^) and = NL-jhA^'i). Since = ^6^, there is 


2=1 


2=1 


some z e LI such that ^ = ^li/kA)- Therefore (x^z, x ^,..., x^^) 

is a /c^-point of Xc- 


2=1 


2=1 


Lemma 4.7. Let and (6^) be as above. Suppose that = 0 for almost all 
n G fffc and b^ = 0 for all i = 1,m. Then has a k-point. 


Proof. By the Brauer-Hasse-Noether Theorem, for each i there exists bi G 
such that {bi)y = b" for all v G klk- Let Ai be a central simple 
algebra such that the Brauer equivalence class [Af = bi. Since {LQ,y'") splits 
over Lq for all v, the algebra Ai also splits over Lq. Hence there exists 
yi & k such that Ai is Brauer equivalent to (see |GS| Cor. 4.7.6). 

m m 

Since (Lq, Y\yi)v = (Lq, Y\yi) — (LojC)^, the Brauer-Hasse-Noether Theorem 

2=1 2=1 

m 

implies that 11^* = cNl^iAw) for some w E L^ Moreover, the element yi 
2=1 

belongs to the norm group ). To see this, we note that 

{Lo,yi).u = {LQ,y^) = {Lq, 

Hence yi G NL^ik{Jo)^Li/k{Ji)^ where Ji is the idCe group of Li, for i = 
1,..., m. By Proposition 1231 we have yi = NLQ/k{wi)NL./k{zi) for some Wi G Lq 

m m 

and 2 ;* G Lf. Therefore = '[lNLo/k{wi)NLi/k{zi) = cNLo/k{w) and 

2=1 2=1 

m 

{w~^Y\wi, Zi,..., Zm) is a fc-point of X^.. 

2=1 

Lemma 4.8. Suppose that Lq is a cyclic extension of degree p®, where p is a 
prime and e > 1. Let v E Llk o.nd i E {!,..., no] such that E'" is not isomorphic 
to a product of copies of Lf. Then given b G C Q/Z, there is some 

X E LI such that inv(Lo! = b. 

Proof. Suppose that Lq ~ Yl^oj (resp. L)’ ~ Mi^ over Let [Mqj : 
^v] = P^- As A n Li, we have / > 1. Then it is enough to prove that 
iZ/Z C inv(Moj, for some 1. Hence we can reduce to the case 

where Lq is a held extension of of degree p® with e > 1 and L^ is a held. 

Denote by Br(LQ/fc^) the subgroup of the Brauer group of k^ split by Lq. 
This group is isomorphic to 'L/p^'L ~ kf /N{Lq)^. 

Let Lq L'l be a product of copies of the helds Mi over Lf Let the degree 
of Mj/L^ be p'^L By the assumption, di > 0. 

The corestriction map Br(L^) to Br(A:^) is an injection and restricts to an 
injection Br(Mi/Lj’) into Br(LQ/fc.„), the image being the unique subgroup of 
order p'^* in the cyclic group of order p'^. By projection formula ( |GS) Prop. 
3.4.10), the image consists of cyclic algebras of the type {Lq, Nlv/i.^{z)) with 
2 ; an element of Lf Hence ^Z/Z C ^Z/Z = inv(LQ, iV£«/fc„(Lj')^). 
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5. The proof of Theorem 14.51 

This section is devoted to the proof of the main theorem, i.e. Theorem 14.51 
We start with the case where Lq is a cyclic extension of prime degree p, which 
is the simplest case but enlightens the idea for the proof of the general case, 
and provides an inductive step for the general case. 

5.1. The prime degree case 

We keep the notation defined in Section 3.1. Note that if ~ ]^Lj for 
all 1 < i < m, then in^(/c,Ti) = 0 as mentioned in the proof of Proposition 
13.21 Hence the Hasse principle holds in this case. We assume that Ei is a 

field extension for i = l,...,mi and ~ 11~ + l,...,m. Let 

X = {l,...,m} and X' = {l,...,mi}. Note that by Lemma ITT] 51 = 0 for 
ieX\X'. 

Proof of Theorem 14.51 for Lq of prime degree. If Xc has a fc-point, then 
it is clear that Xc has a ^.y-point at each place v E Qk and a is the zero map. 

Conversely, for each v G flk, let (a:o, •••, be a fc^-point of W and set 

K = iLo,NL i/kvi^i))- Lemma [4.21 we can assume that = 0 for almost 

all V G flk- Suppose that a is the zero map. By Lemma ITTl it suffices to prove 
that we can modify •••, ^m) = 0) all 1 < i < m and = 0 

for almost all v E flk- 

Let a E S represent an element of ]II^(fc,Ti), where S is defined as in 
Section 3.1. Let /(a) = (Jq, ....,/g_i) be the corresponding partition of X'. In 
the following, we prove the theorem in two steps. 

Step 1. X] X] = 0 ^ Z/pZ. 

If InQ = X', then our claim is trivial by Lemma 14.31 Otherwise we pick 
ni 7 ^ no and let 

{ 4o, if n = no, 

Tn/'- 

0, otherwise. 

Note that W{Ino) = kP('^no)- We now show that (Jq, Jp-i) also represents 
an element of S. By the definition of S, it is enough to show that W{JnQ) U 
W{Jn^) = Vtk. Suppose that n G Ofc\W(/„o). Since kP(/o)U...UlT(/p_i) = 0^, 
there is n{v) ^ no such that v G W{In(v))- Then 

= n s, X w(4(y)). 

i^IuQ 

Therefore, v G 1T(J„J and kL(J„p) U 1T(J„J = Qk, which means that 
(Jo, ■■•5 Jp-i) also represents an element of S'. As a is the zero map, we have 

E E E = E E ^obi + E E = O. Since E E = 0, 

we have (no — "Ri) E E = 0, which means E E = 0- Hence for any 

'ist/riQ 

n G (Z/pZ), we have E E = 0- 

iein vefik 
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Step 2. For any n G Z/pZ, we can modify such that ~ ^ 

i G Ifi- 


We prove this by induction on the cardinality of If |/„| = 0 or 1, then from 
the previous step we have that X] = 0 ^ In- Suppose that our claim 

is true for |/„| < h. For |/„| = h, suppose that there are nonempty disjoint 

subsets and of In satisfying 1° U and ( fl S,) U ( fl Sj) = flfc. 

i&il iei}. 

Then consider the element (Jq, ... Jp_i) where 

{ /;, if/7^n, n + 1, 

It iil = n, 

I^Uln+i, if/ = n + l. 

From the dehnition of J/, we have 


(5.2) 


W{Ji) 


Wih), 

W(4)n( n s,), 

*e/i 

n Sj 3 hF 


if / 7 ^ n, n + 1, 
if / = n, 

if / = n + 1. 


Now we want to prove that hF(Jo) U ... U W{Jp-i) = flk- Since hF(Jo) U ... U 
hF(/p_i) = Qk and W{Ji) 3 W{Ii) for I n, we only need to verify that if 
n G hF(/„), then we have n G hF(Jo) U... UhF(Jp_i). If n also belongs to fl Sj, 

then V G W{Jn)- Otherwise, we have n G 0 Sj because ( fl Sj) U ( 0 Sj) = 

ieio i€io ieii, 

flk- Since v G fF(J„), we have n G fl Sj C fl Sj. Hence the fact that v 

is in n Sj implies that n G ( 0 Sd fl ( fl Sj) = fF(J„+i). Therefore, we 

iG/O i^/„ur„+i iG/O 

have fF(Jo) U ... U hF(Jp_i) = and (Jo,..., Jp-i) represents an element of 
m\k,fi). Since |J„| < h, by induction hypothesis, we can modify 6j'’s such 
that X) = 0 i E Jn- By exchanging 1° and J^, we can make ^ 

for all i & In and fej' = 0 for almost all n G Ofc- 


Suppose conversely that In has no such nontrivial subpartition. Then we 
construct a connected graph Q with edge set £ and vertex set V as follows. 
We dehne V = In and £ = {(i,j)|Sj U ^ As In has no nontrivial 
subpartition, this graph is connected. To see this, let Vo be the vertex set of a 
connected component of Q and let Vi = V\Vo. If Vo ^ V, then Vo and Vi are 
two nonempty subsets of In such that there are no edges between them. By 
the construction of edges, this implies that ( fl Sj) U ( fl Sj) = fffc, which is 

IGVo IGVi 

a contradiction. 


Let V^ = {i G V| YhK 0}- ^ach i G V^, let Jj = Yh H- order 

V’^ as such that i£s are distinct. Since this graph is connected, 

there is a loop-free path starts from zq and ends at A. Along this path, for 
any two adjacent vertices i, j we can hnd a place v G f2„\(Sj U Sj). According 
to Lemma 14.81 by modifying x'" and x'^ we can modify to b'" — do and 6^ to 


HASSE PRINCIPLES FOR MULTINORM EQUATIONS 


19 


+dQ. Note that this modihcation does not change '^b^. Therefore by Lemma 

iGl 

I4.6[ after modifying also Xq if necessary, the modihed (x^) is still a local point 
of Xc- After these modihcations, we have Hq = 0; X] + <^ 0 ) and all 

the other dj’s remain unchanged. We repeat this process to a loop-free path 
from ii to Z 2 . Instead of modifying each adjacent vertex by do) modify each 
adjacent pair along the path from A to *2 by do + di and so on. At the end, 

t-i 

we modify each adjacent pair along the path from it-i to it by ^d,.. After 

r=0 

t-1 

this process, we have ~ ^ r = 0, ...,t — 1 and 

v£Qk v£Qk ^=0 

t 

However, from Step 1, we know that ^d^ = 0. Therefore, we have ^ b'^^ = 0. 

r=0 vGQfs 

Moreover, in Step 2 only hnitely many 6j”s are modihed, so = 0 for almost 
all V. The theorem then follows. 


5.2. The prime power degree case 

We suppose that Lq is cyclic of degree p®, where p is a prime and e > 1. The 
proof of Theorem 14.51 for Lq of prime power degree relies on the prime degree 
case, which is done in the previous section, and the induction on e. We keep 
the notation of Section 3.2. 

Suppose that Lq ® Lt is isomorphic to a product of helds of degree p”^* over 
Li and dj > dj+i. Recall that in Section 3.2, we set 

^ = {(ai,...,a^) e ©Z/p''*Z| M W(4(a)) = 

2=1 

m 

and D is the subgroup of © Z/p“*Z generated by the diagonal element (1,..., 1). 

2=1 

Let X = {1,..., m}. 

For 1 < j < e, let Xq- j be the subheld of Lq of degree p®“-^ over k. Let 
Ac,_i be dehned by the equation 

m 

(5-3) NLo,-i/k{to-l)Y\_^L i/k{ti) — C. 

2=1 

Let a_i be the Brauer-Manin map for 

m 

For 1 < i < m, let = Xo,-i © Li and X_i = n^-i, j. Let Ti _i be 

2=1 

dehned by 


(5.4) l^Ti, 


n /fe ( i /Li () 


N. 




> R' 


2=1 


(1) f 

Lo,-i/k\ 


For the induction step on e, we need to understand the relation between 
and 

Consider the map Ti Ti _i which is induced by the norm map A^Lq/Lo -i 
and denote by e : Ti,-i —)■ Ti the map induced on the character groups. Denote 
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by Ti-i) —)■ Ti) the map induced by e. Suppose that Lq 

is isomorphic to a product of helds of degree . The map 


^ Tn Tfi /s 

~ ez/p'-.-z ^ 


e z/p^z 


is the multiplication by p. Moreover di and di^i satisfy the following relation. 


Lemma 5.1. Let di, di^i be defined as above. Suppose that di^i > 0. Then 

di = 1 di^i- 


Proof. Let Mj and Mj _i be cyclic extensions of Li such that Lq Li ~ 
Mj and Lo,-i ^k Li ~ By the dehnition of di and di^i, we have 

[Mi : Li] = and : Li] = p'^^’L As Lq is a extension of Lo,-i of degree 

p, we have [Mj : Mj^_i] = 1 or p. Let us consider the following commutative 
diagram; 

Gal(Mj/L,) ^ Gal(Lo/A;) 



Gal(M,,_i/L,) ^ Gal(Lo,-i/A;), 

where pds are induced by restrictions. 

Since Mi (resp. Mj _i) is isomorphic to the composite field LoLj (resp. 
Lo-iLj), the maps p 2 and are injective. Suppose that [Mj : Mj__i] = 1. 
Then gi is the identity map. As p 2 and p 4 are injective, the map ps induces an 
isomorphism between p 2 (Gal(Mj/Lj)) and p 4 (Gal(Mj^_i/Lj)). However g^ is 
the quotient map Gal(Lo/A') —)■ Gal(Lo/A')/M, where H is the subgroup of or¬ 
der p. Since Lq is cyclic of degree p®, we have that H is the minimum nontrivial 
subgroup of Gal(Lo/A'). Therefore ps : p 2 (Gal(Mj/Lj)) —)■ p 4 (Gal(Mj _i/Lj)) 
is an isomorphism if and only if p 2 (Gal(Mj/Lj)) = 1, which means that di = 0. 
Hence, if di > 0, then we have [M* : Mj^_i] = p. 

By the above lemma, we have di = 1 + di^i if di ^i > 0. If di^i = 0, i.e. 
Lo,_i ® Li ~ Y\Li, then Lq 0 Lj is either isomorphic to f[[ Lj or is isomorphic 
to a product of fields of degree p over Lj. Set r* = min{l, di} for 1 < i < m. 

m 

Then r* = 0 or 1. The cokernel of is a subgroup of © Z/p^*Z. As di > dj+i, 

i=l 

we have r* > rj+i. 

Actually, the cokernel of takes a similar form of LH(Lo;-S) dehned in 
Section 3.1. One can describe the cokernel of as follows. 

m 

Let a = (ai,...,am) G ®Z/p’'*Z. Let P{a) = {Iq^q), Ip_fia)), where 

2=1 

/^(a) = {i E T\ n y Qi]. For i E T, let S* = be the set of all places where 
E'" is isomorphic to a product of copies of L} for all n G S*. For /,[(a) ^ X, 
dehne 

(5.5) W{ll{a)) = n S,. 

For /1(a) = X, let IF(/i(a)) = Set 

^_i = {(ai,...,a^)e ©Z/p’-^Zl IJ W{ll{a))=nk}. 

n&>lpL 
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Let D_i be the subgroup of ©Z/j 9 ’’*Z generated by the diagonal element 

2=1 

We dehne an equivalence relation on S-i as a ~ & if and only if a — & G 
D_i and denote by III_i(Lo5the equivalence classes of S-i. Note that 
III_i(Lo, E) is a group. 

Proposition 5.2. The cokernel of the group homomorphism Ti^_i) 

Ul\k,fi) is isomorphic to III_i(Lo5-S^)- 


m m 

Proof. Let w be the projection from ©Z/p“*Z —)■ ©Z/p^»Z. 


We hrst show that w maps S to S-i. Let a = (oi, G *5' C ©Z/p‘^*Z 

2=1 

and zu(a) = (oi,0^1)- For n G Z/pZ, we have /^(a) = IJ Ii{a). 
Since a = (ai,...,am) G S, we have IJ W{Ii{a)) = Qk- Hence given 

iGZlpd-lZ 

V G Qk, there is some I G 'L/p^^'L such that v G W{Ii{a)). We claim that 

V G hL(/^(a)), where ■ndipiP) = n. It is clear if If (a) = X. Suppose that 

If{a) 7^ X. For i ^ Ifia), we have i ^ hia-), and hence v G 
6i = 6{l,ai). Since = n, the fact that i ^ lf(a) implies 6i = 0. 

Therefore u G S? = Sj. This proves that cu maps S to S^i. Hence w induces 
a map from LH^(A;,Ti) ~ S/D to S'-i/D-i = HI_i(Xo,i?). Clearly, the image 

m 

of is in the kernel of w and coker(£^) C ( © Z/p^*Z)/Zi)_i. We denote by w' 

2=1 

the injective map from coker(e^) to HI_i(Xo;X') which is induced by w. 

To prove the surjectivity of w/ it suffices to show that given a = (oi, G 

S^i, there is a = (ui,a^) G S such that zu(a) = a. For each n G Z/pZ, we 
fix a lifting /(n) G Z/p'^^Z. For each i G lf(a), we let Oi = 'Kdi,di{lixi')). We 
claim that a* is well-defined. Suppose that i G If^ia) H If^(a) with ni 7 ^ n 2 . 
Then 7 ri^r.(ni) = 711^^.(112). Since ni 7 ^ n2 G Z/pZ, we have r* = 0 which im¬ 
plies di = 0. Therefore TidudAK^i)) = 0 = 7rdi,di{K'<^2)) and a = (ai, is 

a well-defined element. 

Now we verify that U hF(/„(a)) = Qk- Since U W{If{a)) = Qk, 

n&'&lp'^l'L n&^jp'L 

given V G flk, there is n G Z/pZ such that v G W{lf(a)). Let I = /(n). We 
claim that v G W{Ii{a)). If If (a) = X, then Ifa) = X and the claim is clear. 
Suppose that If{d) 7^ X. If i ^ -fz(o), then i ^ If(a) by our construction of a. 
Hence u G C Therefore (a) G S and w' is surjective. 


Lemma 5.3. Suppose that has a k^-point for all v G fffc. Then we have 
a o = a-i. 


Proof. Let {x/) G H ^c{ky). Clearly we have a natural map from Xc 

to Xc_i, which sends (tq, ...,to (A^Lo/Lo.-i(^^ o),azi,...,Let y/ = 
NLi/k{x/), h/ = inv(X^,p)') and Since Xq-i is the sub¬ 
field of Lq with [Lq : Xo,_i] = p, we have = pbf Let a = (oi, G 
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m . ^ 

represent an element in III (fc,Ti _i). Then 

2=1 


a o e^{a) = a(pai, ...,pam) 
lien iGX 

v£n i£l 


The claim then follows. 

We are now ready to prove Theorem 14.51 for prime power degree case. 

Proof of Theorem 14.51 for Lq of prime power degree. It is clear that if 
Xc has a fc-point, then Xc has a fc^-point for all n G fifc and a = 0. Conversely, 
suppose that Xc has a fc^-point for all v E flk and a = 0. 

Claim. The variety Xc has a fc-point. 

We show our claim by induction on the exponent e. For e = 1, it is proven 
in Section 5.1. 

Suppose that the claim is true for all Lq of degree p® where 1 < e < /. Now 
let e = / and (x") G H Let b" = inv(L^, By Lemma|l]2l 

we can assume that = 0 for almost all v E Llk- By Lemma 14.71 to prove 
the claim, it suffices to prove that we can modify (x") G H ^ciK) so that 

Y2 b'^ = 0 for 1 < i < m and 6^ = 0 for almost all v E flk- Note that as 

vGQv 

(xf) E n ^c{kv), we have ^6^ = inv(Lg,c) for all v E blk- 

Since Xc has a /c.u-point for all v E Qk, the variety W,-i also has a fc^-point 
for all V E Llk- As a is the zero map, by Lemma f5.3l the Brauer-Manin map 
a_i for Xc^-i is also the zero map. Therefore Xc^-i has a fc-point by induction 
hypothesis. Let (zq, Zi,z^) be such a fc-point. Let p, = ilk{zi), h^i = 
inv(LQ, Hi) and ^ = inv(LQ Since {zq, Zi, ..., z^) is a fc-point of Xc-i, 

we have c)- Therefore pYhK = = inv(Lg c). 

i£X ’ ’ i£X i£X 

As ^6" = inv(Lg, c), for all n G fifc, we have 

i£X 

c) = inv(L;; _ 1 , c) = p^^K- 

i£X i£X 

Note that if ~ then by Lemma 3.5 we can modify zq by some 

i£X i£X 

Zq E (Lg)^ so that (2:0,2:1, is a /c„-point of Xc. 

Now we split the proof into the following steps. 

Step 1 . Given a place n G we can modify zt by some z^ E so that 

E'i? = E*?. 

ieX i£X 

First note that h’;”s come from a /c-point of Xc-i, so hj' = 0 for almost all 
V. As 6^ = 0 for almost all v, for almost places v we have Y^l = Y^l- 
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Suppose that place v. Then there is some i such that u ^ Sj. 

ieX i€X 

Otherwise, by Lemma 14.11 b'" = = 0 for all 1 < i < m, which contradicts 

^2^1 7^ Since inQ/Z, we know that ^ -Z/Z. 

iel i&X i i i&X ieX ^ 

By Lemma ITSl we can modify so that inv(Lg, NL^jk^{z'l)) = — 

iex 

As ~ '22K ^ -Z/Z, after modihcation, hhi * = phf remains unchanged. 

i(zX iGX ^ 

Since we only modify at hnitely many places, = 0 for almost all places v. 
Step 2. We can modify the local points x = (t^) so that YIK ^ -Z/Z for 

all i G X. 

Note that before we modify the z/ in Step 1, the (z/) comes from a fc-point 
{zq, Zi ,..., Zm) of W,-i- Therefore for each i G X, Yh However in Step 

1 , each time when we modify z/, we modify some h/ by —Yi^i ~ ^i) which 

iex 

is in 1-Z/Z. Therefore after Step 1, we have Y^i — 'ThK v ^ Vtj. and 

^ iex i&X 

Y ^ -Z/Z for each i G X. By Lemma [4.61 for each place v G flk, there is 

v£Qk 

some Xq G (Xq)^ such that {x'Y zY) G Xc{Y). Replace (xg,..., tJ/) by 
(xg’^, zl ^..., zY for all V G klfc. Then we have YH ^ fo^ alH G X and 

6 / = 0 for almost all v. 

Step 3. We can modify x/ so that ^ 6/ = 0 for all 1 < i < m. 

Let (xj") G n Xciky) be local points such that Y ^ -Z/Z for alH G X 
and 6/ = 0 for almost all v. Let zu be dehned as in the proof of Lemma [5.21 

m 

Let a = (oi, ...,aY G S' C 0 Z/p“»Z and a = zu{a) = (oi, ...,aY £ S_i. Then 

2=1 


a(ai,...,a™) = '^aiC^h'l) = '^aiC^h'l). 

i^X i£X 


Then a induces a map a : LQ_i(Xo 5 E) —)■ Q/Z. 

Let mi be the integer such that > 0 and dmi+i = 0. Let X' = {1,..., mi} 
Since = min{l,(ij}, r* = 1 if dj > 0 and r* = 0 otherwise. Therefore 
0 = 0 for all i > mi and there is a one-to-one correspondence between 
(di,...,dmi) and (di,..., Let E{a) n X' = (//(a) n X',...,flX'). 
Since r* = 1 for 1 < i < mi, E{a) fl X' is a partition of I'. The set S_i is 
then in one-to-one correspondence with the partitions {Jq, ..., Jp-i) of X' such 
that U WiJn) = fife- The fact that a=0 and Lemma 14.81 then enable us 

U&aI'P'L 

to apply the modifying process in the proof of the prime degree case. In this 
way, we get local points (x/) G ]/[ Xc{Y) such that Y ^ fo^ alH G X 

vGQv v£Qk 

and &} = 0 for almost all v. Our assertion then follows. 
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5.3. The general case 

S 

Let Lq be a cyclic extension of degree q = Y\Pj ^ where pj's are distinct 

primes. Let Qj = and Lqj be the subfield of Lq of degree qj. We keep the 
notation introduced in Section 3.3. 

For c G we let Wj be the Toj-torsor defined by the multinorm equation 

m 

NlojMxqj) ■ Y[NL,/k{Xi) = C. 
i=l 

The proof of Theorem 14.51 for Lq of arbitrary degree relies on the proof of the 
prime power degree case. We start with the following observation. 

Lemma 5.4. Let c & . Then Xc has a k-point if and only if Xcj has a 

k-point for all j. 

Proof. It is clear that if Xc has a /c-point, then Xcj has a /c-point for all j. 

m 

Suppose that for each j, Xcj has a fc-point {xqj,Xij, ...Xmj) £ Lqj x 

i=l 

s s 

Let Vj = YIqi and bj G Z such that Jfbjrj = 1. Let Xi = H 
i^j i=i i=i 

S 

i = I, ...,m and xq = H ■ Then it is easy to check that (£o, ■■■,Xm) is a 

i=i 

fc-point of Xc- 

Proof of Theorem 14.51 Suppose that Xc has a fc-point. Then it is clear that 
Xcj{k) is not empty for 1 < j < s and hence a = 0. Conversely, suppose that 
Xc has a fc^j-point for all v and 0 = 0. Then has a /c^-point for all v. Let 
aj be the Brauer-Manin map for Xcj. The map a = 0 implies that aj = 0 for 
all j = 1,..., s. Since Lqj is a cyclic extension of prime power degree, Xcj has 
a point over k for all j = 1,..., s. By Lemma [5.41 Xc has a fc-point. 

In the following we apply the main theorem to the case where Lq is a 
metacyclic extension of k, i.e. all the p-Sylow subgroups of Gal(Lo/fc) are 
cyclic. As before, let Xc be defined by equation flU.2p . Let Lq be a metacyclic 

S 

of degree q = Y\pJi where pj’s are distinct primes. Let q^ = p^f and 

Tj = q/qj. For 1 < j < s, let Gj be a Pj-Sylow subgroup of Gal(Lo/A:) 
and Lj be the subfield of Lq fixed by Gj. Note that [Lj : k] = rj. Let X^ be 
Xc Lj. Then the injection k —)■ Lj induces a natural injection from Xc{k) 
to A',(r,) = Xl(Li). 

Suppose that Xc has a fc.u-point (xj^) for all v E flk- Then X^ has a Lj^^- 
point for all w G Tq is a cyclic extension of Lj, we can define the 

Brauer-Manin map aj for X^. The necessary and sufficient condition for the 
Basse principle for Xc to hold is the following. 

Corollary 5.5. Let Lq he a metacyclic extension. Then Xc has a k-point if 
and only if Xc has a ky-point for all v E Llk o.nd aj = 0 for 1 < j < s. 
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Proof. As we have mentioned above, if X^. has a /c„-point for all v G flk, 
then Xl has a Lj„,-point for all w G As aj = 0 for 1 < j < s, 

by Theorem 14.51 the variety X^ has a Lj-point. Let {xj^i) be a Lj-point of 

_ S 

Xl, where Xj^i G {Lj 0^ Let bj G Z such that = 1- Let 

i=i 

S S 

Zi = n®L /L • Since have that (zj) is a point of 

t=i ^ ’ j=i 

X,. 

The other direction is trivial. Our assertion then follows. 

6. Examples 

6.1. Examples for lII(/c,To) = 0 

Let Lq be a cyclic extension with [Lq : k] = q. Let Mi be a field extension 
of Li such that Lq ®k Li = Y\ Mi and let [Mi : Lj] = d*. The degree di is said 
to be maximal if there is no dj > di such that di\dj. Set 

J = {1 < z < m| dj is maximal}. 

As we have seen in Section 3, the group lII^(fc,To) can be described with 
ramihcation patterns of the Li’s. In particular, suppose that there is a place 
u G Ofc satisfying the following condition; 

(*) For all z G J, there is a place Wi of Lj above v and a held extension Mj 
of L}'* of degree di such that Lq 0^ Lf" = ]}[ Mj. 

Then from the description of the set S dehned in Section 3, the group 
III^(/c,To) is trivial. 

Here are some examples where the above condition is satished. 

Example 6.1. Let k = Q and let Lq be an imaginary quadratic held. Let Li 
be a totally real number held for 1 < z < m. Then g = dj = 2. Let v be the 
real place. Then for any place Wi of Lj above v, we have that Lq 0 Lf^ is still 
a held extension of L}'* of degree 2. Therefore in^(fc,To) = 0 and the Hasse 
principle for multinorm equations is always true in this case. 

Example 6.2. Let k = Q and Pq,..., Pm be distinct primes. Let Lj be the 
quadratic held Q{^/pi) for 1 < z < m. Then g = dj = 2. At the hnite place 
V = Pq, the held Lq is totally ramihed and L} is either isomorphic to Q.u x Q^, 
or is a non-ramihed extension. Therefore at any place zuj of Lj over v, we have 
that Lg 0 L}'* is still a held extension. Hence IH^(/c,To) = 0. More generally, 
if there is a hnite place v such that v is indecomposed in Lq and Lg is totally 
ramihed and Lj is non ramihed at v for 1 < z < m, then the Hasse principle 
for multinorm equations is always true. 


6.2. Examples for prime degree extensions 

Let us consider the following special case where Lis are quadratic exten¬ 


sions. 
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Example 6.3. Suppose that Lo,...,-hm are distinct separable quadratic exten¬ 
sions of k and m > 3. Then III^(fc,To) = III(Lo, E) = 0. 

Proof. Suppose III(Lo,-E') ^ 0. Then there is a non-trivial partition (Jo,/i) 
of m} such that W{Iq) U W{Ii) = klk- Note that one of the sets Jq, 

Ji has cardinality greater than \m/2\. Without loss of generality, we assume 
|/i| > \m/2\ -|- 1. Since Lj’s are distinct quadratic extensions, we have the 
composite fields LiLj ~ L* Lj for i ^ j. Let i G Jq and j G h. As 
W{Io) U W{Ii) = flfc, we have Lq (g)^ {LiLj) 0^. ky ~ ky for all 

V G Llk- Hence Lq 0^ {LiLj) ~ which means that Lq is a subfield 

of LiLj for all j G Ji and LqL^ = LiLj. Therefore Lj C LqL^ for all j E h. 
However, as a biquadratic extension LqL^ has exact one subfield of degree 2 
other than Lq and L,, which is a contradiction since |/i| > 2. 


Remark 6.4. The above example cannot be directly deduced from |DW14] 
Theorem 1. For instance, let Pi,P 2 ,P 3 be distinct primes and Lj = 
for i = 1,2,3. Let Lq = Q{^/PiP 2 P 3 )■ Then there is no nontrivial partition 
satisfying the hypothesis of |DW14) Theorem 1. However by Example 16.31 we 

3 

have LH(Lo, E) = 0, which implies that the multinorm equation NLi/k{ti) - 

1=0 


c satisfies the Hasse principle. 


With a similar argument, we prove a more general statement in the following. 
We start with the definition of local degrees. 

Definition 6.5. A finite separable extension E oik is said to have local degrees 
less than or equal to d if for all places v G Llk, E 0*, ky is a product of fields 
over ky with degrees less than or equal to d. 

Proposition 6.6. Suppose that LQ,...,Lm are distinct separable extensions of 
k with prime degree p and Lq is cyclic. If LH(Lo,E) ^ 0, then m > 2 and 
there is a separable extension E of degree p^ whose local degrees are less than or 
egual to p such that Li ’s are distinct subfields of E. Conversely, if m>2 and 
there is a separable extension E of degree p^ whose local degrees are less than 
or equal to p such that Li’s are distinct subfields of E, then LH(Lo,E) ^ 0. 
Moreover, we have HI^(A;,To) = U1{Lq,E) ~ (Z/pZ)™"^ in this case. 

Proof. Suppose that LH(Lo,E) 7^ 0. Clearly, we have m > 1. We claim 
that there is a nontrivial partition (Jq, Ji) of {1,..., m} which satisfies W (Jq) U 
W (Ji) = hlfc. To see this, let {Jq, ..., Jp-i) be a nontrivial partition of {1,..., m} 
such that U W{Jn) = Llk. Without loss of generality, we can assume that 

n&i/pL 

p—1 

Jq is nonempty. Let Iq = Jq and Ji = U J„. As W{Iq) = W{Jq) and 

n=l 

W{Ii) 0 W{Jn) for all n 7^ 0, we have the desired partition (/o,/i). Let LiLj 
be the composite field of Lj and Lj. Note that Lj and Lj are not necessarily 
cyclic. Hence at the stage we don’t know if Lj 0^ Lj is isomorphic to LiLj or 
not. However, for n G Sj, we have 

Lq 0fc {L,L,r ~ Lq ®k L'l 0i. {L,L,y ~ 
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Since W{Io) U W{Ii) = Qk, for i ^ h and for j G Ji, we have that 

Lo < 8 )fc {L,L,y c:^l[{L,L,y 

for all V E Qk- Therefore Lq is a subfield of LiLj. As Lq is cyclic and Lj 7 ^ Tq, 
we have Lq Li ~ L^Li C L^Lj. Since the degree of LiLj is at most p^, we 
have LqLi = LiLj = LqLj and Lj ( 8 )^ Lj ~ LiLj. 

Let i E Iq and F = L^Li. From the argument above, the field F is 
independent of the choice of i and F = L^Li = LiLj = LoLj for all i E Iq and 
all j E h. Therefore Lq,..., Lm are subfields of F. Since III(Lo, E) y 0, at each 
place V E flk, there exists some 1 < i < m such that Lq <S)k Li ( 8 )^. /c^, ~ ]^ Ly 
As Li has degree p, all local degrees of F are less than or equal to p. 

Now let F be a separable extension of degree p^. Suppose that Lq,..., 
Lm are distinct subfields of F and local degrees of F are less than or equal 
to p. It suffices to prove that for all non-trivial partitions (Jq, /p_i) of 
m}, we have U hF(/„) = hlfc. Suppose that this is not the case. 

Then there exists some nontrivial partition {Iq, ..., Ip-i) such that there exists 

V E Vtk\ U W{In)- Since v ^ W{Iq), there exists i ^ Iq such that v ^ Sj. 

tiGTjIp’E 

Let Hi E Z/pZ such that i E 1^- Since v ^ there exists j ^ 1^ such 

that V ^Tjj. 

Note that Lq is a cyclic extension of degree p. Hence Lo 0 fcLj (resp. LQ®kLj) 
is a field of degree p^ and we have 

Lq ®k Li ~ Lq ®k Lj ~ F. 

Since v ^ S,, we have that Lq is a field of degree p. Suppose that L^ ~ M; 
where M^’s are extensions oi k^. If 1 < dim^^ Mi < p for some I, then Mi 
is linearly disjoint with Lq for the degree reason. Hence Lq ( 8 )fc„ Mi is a field 
of degree greater than p, which contradicts to our assumption on the local 
degrees of F. Hence the algebra Lj' is either a field or a product ky. However, 
if Lj' and Lq are both fields, then F ( 8 )a; — Fj' is a field of degree p^ since 

V ^ Sj. This is again a contradiction. Therefore, we have that Lj' ~ ]jj[ /c^, and 
F®kky^ Fj' ~ {Llf. 

Since v ^ the same argument shows that LJ ~ Y\ky. Let d be the 
degree of the composite field LiLj. As Lj and Lj are distinct fields of degree 
p, we have d = Ip for some / > 1. Since Lj’ ~ ]jj[ fci, and LJ ~ Y\ky, we have 
LiLj ®k ky — {k^y. Hence {k^y ^ F <S)k ky ^ {L^y, which is a contradiction 
because d > p. Therefore for all non-trivial partitions (Jq, ...,/p_i) of X, we 
have U W{In) = Llk. In particular, we have HI(Lo,F) ~ (Z/pZj^'L 

nGlj/p'L 

Assume furthermore that Lj’s are all cyclic extensions of degree p. We have 
immediately the following corollary. 

Corollary 6.7. Suppose that LQ,...,Lm are distinct cyclic extensions of prime 
degree p over k and m > p. Then LH^(fc, Tq) = bH(To, F) = 0 

Proof. If not, then by Proposition 16.61 Lj’s are sub fields of a degree p^ 
extension F. Since Lj’s are cyclic, the field F is bicyclic. However, a bicyclic 
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extension has exact p + 1 distinct subfields of degree p. Hence m < p, which 
is a contradiction. 

6.3. Examples for cyclotomic extensions 

Next we give a example about the multinorm of cyclotomic fields. For a 
positive integer n, let (n be a primitive n-th root of unity. 

Example 6.8. Let Lq = Q(C 32 ), Li = Q(C 52 ) and L 2 = Q(Ci 5 )- Then 
m2(Q,fo) = m(Lo,E) = o. 

Proof. First note that there is only one nontrivial partition of {1,2}. Hence 
by Proposition 3.4, the group HI^(Q,To) is generated by one element and has 
order dividing 6. As Lq and Li are both cyclic extensions and exchanging Lq 
and Li makes no difference to the multinorm equation, we can exchange Lq 
and Li to compute HI^(Q, Tq) and get that the order of HI^(Q, Tq) divides 20. 
Hence the order of HI^(Q,To) divides 2. 

Let Lq be the degree two subfield of Lq. Define E', E' as Ej, E by replacing 
Lq by Lq. Since the order of LH^(Q,To) divides 2, by Proposition 3.4 we have 
LH2(Q,fo) ~ HI(L'o,E'). Note that Q(C3) C Lq. Hence Eq = QiCs). As 
Q(C3) ^ T 2 , we have E 2 = Lq ®(q L2 — L2 x L2. By Lemma 3.1, we have 
HI(L',E') = 0. 

The more general form of the above example is the following: 

Proposition 6.9. Let p,q be distinct odd primes. Let Lq = Q(Cp 2 ), Li = 
Q(Cg 2 ) and L 2 = Q(Cp<?)- Then LH^(Q,To) = U 1 {Lq,E) = 0. 

Proof. Without loss of generality, we assume that p > q. As Lq and Li are 
both cyclic extensions, by the same argument of Example 16.81 we have the 
group LH^(Q, To) has order dividing (p — 1). 

Let Lq be the degree p — 1 subfield of Lq. Define E', E' as Ej, E and 
define Tq as in (0.3) by replacing Lq by L'q . Since the order of LH^(Q, Tq) 
divides p — 1, by Proposition 3.4 we have HI^(Q,To) ~ HI^(Q, Tg). Note that 
Q(Cp) ^ Tq. Hence Tg = Q(Cp)- With the same argument in Example 16.81 
have HI (Eg, E') = 0. 

7. Applications 

The following is a well-known result due to Serre and Tate (ina , exercise 
5.2, p.360); 

Proposition 7.1. Let L = k{^/a{., ■^/a 2 ^, Ki = fc(y^), K 2 = k{^/cE), and 
Kq = k{y/a^). Let Ni = Nxi/kiE^). Define u : k ^ Z/2Z by w(c) = 
(c,a 2 )v, where Di is the set of places v where E} ~ Y\^v- Suppose that 

■uGOi 

all the local degrees of L are 1 or 2. Then uj induces an isomorphism between 
and Z/2Z. 

Now let T be a Galois extension with Gal{L/k) = Z/pZ x Z/pZ. Using 
Theorem 14.51 we generalize the above proposition as follows. 
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Proposition 7.2. Let Li be the subfield field of L fixed by (1,^) fori = 1, ...,p 
and let Lq be the subfield field of L fixed by (0,1). Let Ni = Ni.jk^Lf). Let 
be the set of places v where L'" ~ Define u : k ^ {Z/pZ)P ^ by 

v^Ui v£Qp-i 

Suppose that all the local degrees of L are 1 or p. Then u induces an isomor- 

V 

phism between /Y\Ni and {Z/pZY~^. 

i=0 

In order to prove the above proposition, we need the following lemma : 
Lemma 7.3. Keep the notation of Proposition 7.2. Then we have IIIlLn, -E) = 

(z/pZ)V((i,...,i)>. 

Proof. We keep the notation of Section 3.1. Note that Lq Li ' 2 :i L for all 
i = l,...,p. Hence we have X' = in this case. It suffices to prove 

that for all non-trivial partitions (Jq, ..., Ip-i) of X, we have U W{In) = flk- 

n^'Lj'pL 

Suppose that this is not the case. Then there exists some nontrivial partition 
(Jq, ...,/p_i) such that there exists v G flk\ U W{In). Since v ^ ly(Jo), 

ngZ/pZ 

there exists i ^ Iq such that v ^ Sj. Let ni G Z/pZ such that i E Im- Since 

V ^ IP(J„J, there exists j ^ such that v ^ Zj. By the dehnition of Lfs, 
we have 

Lq Ofc Li ~ Lq Lj ~ Li Ofc Lj ~ L. 

Note that Xj is a held extension of degree p. Hence for a place v, we have 
either n G fl, or is a held. Since X'J = Xq Lfj ~ X^ X^ and 

V ^ Sj, we conclude that L'" is a held extension of As X„ ~ Xq L'f 
and n ^ Sj, we conclude that Ly is a held extension of degree which is 
a contradiction. Therefore for all non-trivial partitions (Jq, ...,/p_i) of X, we 
have U W(In) = Llk. 

Proof of Proposition 7.2. We hrst prove the injectivity, namely that 

p 

u{c) = 0 if and only if c G Consider the equation 

i=0 

p 

(7.1) YlNL,/k{xi) = c, 

i=0 

and let be the variety dehned by this equation. Since all the local degrees 
of X are 1 or p, we have fit = U flj. Hence equation fl7.1D has a solution 

0<i<p 

locally. By Theorem 14.51 it suffices to prove that a;(c) = 0 if and only if the 
map 0 = 0. 

Suppose that a;(c) = 0. For each 1 < j < p, let Zj = ) e n mv 

such that = c for each v G klj and xj = 1 otherwise. For each 

1 < z < p — 1, let Jj be the partition (Jq, ...,/p_i) such that Ji = {i} and 
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Iq = X\{i\. By Lemma 17.31 the equivalence class [Jj] is in III(Lo,-E) and 
{[Jj]} forms a set of generators of III(Lo,-E). By Proposition 14.41 we have 
= YIH — Yl {LQ,c)y. It is then clear that a;(c) = 0 if and 

vG.fl vGfli 

only if a([Jj]) = 0 for all 1 < i < p — 1. This proves the injectivity. 

To prove the surjectivity, we hrst note that given 1 < i < p — 1, there 
exist Vi E fli\ U Qj and Vp E flp\ U Qj. To see this, by Chebotarev Density 

Theorem there exists Vi E Dj\Do. Then Vi ^ Qj for all j ^ i, otherwise 

Ly ~ L'" LJ ~ {kyY which cannot have a subheld isomorphic to Lq. A 

similar argument shows the existence of Vp G Qp\ U flj. 

j^p 

For each 1 < i < p — 1, there exists q E such that {Lo,Ci)y^ = 1, 
(Lo, Ci)yj, = p - 1 and (Lq, Ci)y = 0 for n G Qk\{vi, Vp}. By the choice of Vi, Vp, 
the set {a;(ci)} is a set of generators of (Z/pZ)^“^. 
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